Abstract-In this article, a finite volume method for the numerical solution of viscoelastic flows is presented. The flow of Phan-Thien-Tanner (PTT) model fluid through a contraction channel has been chosen as a prototype example. The conservation and constitutive equations are solved using the finite volume method (FVM) in a staggered grid with an upwind scheme for the viscoelastic stresses and a hybrid scheme for the velocities. An enhanced-in-speed pressure-correction algorithm is used and a method for handling the source term of the momentum equations is introduced. Improved accuracy is achieved by a special discretization of the boundary conditions. Stable solutions are found for high Weissenberg number, further extending the range of simulations with the FVM. Numerical results show the viscoelasticity of polymer solutions is the main factor influencing sweep efficiency.
INTRODUCTION
In the recent years, numerical simulation of viscoelastic flows has been a powerful tool for understanding the fluid behavior in a variety of processes of both industrial and scientific interest. Polymeric fluids, owing to their viscoelastics character, are of particular interest in the numerical simulation because of their wide applications in materials processing and their different behavior from that of Newtonian fluids in ways which are often complex and striking. Although there have been many successful numerical predictions of elastic fluid flows [1] [2] [3] [4] , in which the Weissenberg number (We), standings for the elasticity is low. In this paper, the flow of a PTT model fluid through a 4:1 sudden contraction channel is studied using a stable finite volume scheme [5] . The solution method succeeds to provide accurate numerical solutions, and elasticity levels up to We=3. 4. In the process of water flooding alone, the residual oil remaining within porous media is difficult to be displaced or recovered. In comparison, polymer flooding is more effective. Experimental results [6] indicated that the viscoelasticity of polymer solutions can enhance the displacement efficiency, but there have been few theoretical studies on this subject.
In the following sections, the description of the problem, the mathematical model of the flow and the solution method are described respectively. The discretization of the source term and the boundary conditions are separately examined. Finally, the simulation results are presented and conclusions are drawn regarding the use of the FVM for viscoelastic flow simulations.
II. MATHETICL MODEL AND SOLUTION

A. The model of sudden expansion channel
The micro-pores of an actual reservoir are in general complicated. These pores are often simplified in numerical simulation. The problem geometry is shown in Fig.1 . It concerns the flow of a PTT fluid through a planar 4:1 sudden contraction channel. Then, flow behavior of viscoelastic polymer solutions is studied with this simplified physical model. Note that the dimension in the figure are dimensionless. The isothermal flow through contraction for incompressible fluids, such as polymer solutions and melts, is governed by the equation of continuity and motion, which can be expressed as
(2) where v is the velocity vector, p is the pressure, τ is the extra stress tensor and ρ is the density.
The constitutive equation that relates the stresses τ to the deformation history is the PTT model, which in its differential form is written as
where λ is the relaxation time, ξ is an adjustable parameter related to the slip velocity between the molecular network and the continuum medium, η is the viscosity coefficient equal to the product of the relaxation time by the relaxation modulus λG, D is the rate of strain tensor and τ ∇ stands for Oldroyd's upper convected derivative of the stress tensor τ . The stresscoefficient function Y is related to the rate of destruction of junctions in the molecular network and can be decoupled as
where T is the temperature and trτ is the trace of the stress tensorτ .
The above equations are non dimensionalized by introducing the non-dimensional variables
where the characteristic velocity (U) and characteristic length (L) are taken as the average velocity in the downstream half channel and the width of the downstream half channel, respectively, η is the constant shear viscosity, u is the velocity component in the x direction, and v is the velocity component in the y direction. Therefore, in the dimensionless form the governing equations are given in the following, where the subscript D is omitted for brevity.
2) The dimensionless governing equations
For a two-dimensional system in a rectangular co-ordinates (x, y) with the velocity components (u, v), the continuity equation (1) can be written as
The momentum equations (Eq. (2)) is given by
and the constitutive equations for the PTT fluid can be written as 
where τ xx is the stress component in the x and x directions, τ xy is the stress component in the x and y directions, τ yy is the stress component in the y and y directions. A simple finite volume formulation is used for the discretization and the first-order Euler implicit formula is used for temporal differences because of its simplicity for implementation and unconditional stability for numerical calculations.
When employing the FVM, the governing equations are written in the following general form [7] ( ) (
A. Discretization of continuity equations
The discretized continuity equation reflects the mass conservation for each cell F e is the outgoing mass flow rates at cell face e, u e refers to the cell face velocity component, and the same for F w , F n , F s and u w , u n , u s .
B. Discretization of momentum equations
Eqs. (5) and (6) 
where τ ′ is the elastic part of the stress tensor τ .
Substituting Eqs. (12)- (14) in the momentum equations and assuming constant viscosity, Eqs. (5) and (6) can be written
Then the final discretized equations of momentum can be expressed symbolically in a general form 
C. Discretization of constitutive equations
The adopted viscoelastic model also has the general transport equation from Eq. (10) without diffusion term (Г=0). To ensure numerical stability [8] , generally, a first-order upwind difference (UD) is used for spatial discretisation. Thus, the discretised constitutive equation can be written
where τ ijP refers to the cell stress component, the same as τ ijE , τ ijW , τ ijN and τ ijS . where v e refers to the cell face velocity component, the same as v w , v n , v s .
IV . NUMERICAL ALGORITHM
As discussed above, a numerical simulation method is used and the stream function contour and velocity contour with different We can be obtained. As an example, the stream function and velocity contours with We equates 0 to 3.4 are shown in Fig.2 and Fig.3 , respectively. Fig .2 shows the influence of the We on the stream function, we can see that when the Reynolds number is smaller, the vortex area is expanding as We increasing, and the corresponding vortex strength will be enhanced, thereby the fluid velocity and applied force in the convex corner will increase too. So, displacing the dead oil in convex corner, enhance vortex-convex is an important reason to raise the angle of displacement oil. This is because under the flowing conditions of reservoir (That is , Reynolds number is smaller), the viscoelastic of fluid plays a important role in fluid flow, the stronger the viscoelastic (That is, We is larger), the stronger the viscoelastic vortex is.
(a) We=0, Re=10
Figure3. Velocity contours In Fig.3 , from the area surrounded by the speed of v=0.012, it is seen that the micro sweep area and sweep efficiency increase as the We increases.
IV. CONCLUSIONS
In this paper, the flow of a PTT model fluid through a 4:1 sudden contraction channel has been studied using a stable finite volume scheme. The solution method succeeds in obtaining accurate values for all variables at elasticity levels up to We=3.4.
The present simulations reinforce the point that the FVM can be used as a viable alternative for the solution of viscoelastic problems. The results are accurate and offer an improvement over previous numerical solutions. Although the present study has been applied to a PTT fluid in a relatively simple geometry, it can be further extended to other more realistic constitutive equations, such as the UCM or GiesekusLeonov models, etc. and to other geometries encountered in polymer processing.
Numerical results show that the viscoelasticity of polymer solutions is the main factor influencing sweep efficiency. With increasing elasticity, the flowing area in the corner is enlarged significantly, thus the area with immobile zones becomes smaller. Flow velocity is larger than that for a Newtonian fluid, the sweep area and displacement efficiency increase as the elasticity increases. The viscoelastic behavior of the displacing polymer fluids can in general improve the displacement efficiency in pores compared to using Newtonian fluids. This conclusion should be useful in selecting polymer fluids and designing polymer flooding operations. 
